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S
A list of properties for the prime factorization TJ p,-+12f"1 of certain numbers with 2" odd divisors:
i=1

(1) 3=p, <..<ps,. are the first consecutive s odd primes
(2) fi2..2fz1ands f=n
i=1

(3) pe1<pi? ,forallisis<s

Theorem: For every n 2 1, equivalent are
(@) a(n)isthe least number with 2" odd divisors; a(n) = A038547(2").
(b) a(n)= ﬁ p,~+12f"l satisfies properties (1) - (3) and a(n-1) | a(n).
i=1
Proof by induction on n:
(a) = (b): Properties (1) - (3) are obviously necessary.

"1 pe,1? 1 has 271 odd divisors so that

r o S : s-1
Leta(n-1)= T pi,2""tand a(n) = T pii® ' thenb =TT pj,2
i=1 i=1 i=1
a(n-1) <b<a(n).
Ifr>sand 1 <k<sisthe smallest index with e, < f, then p,,; < ps1?® < pmzfrl by induction so that

a(n)
21

Pr+1
If a(n-1) » a(n) then every prime dividing a(n-1) divides also a(n) since r < 's. Therefore, there is k < r such

x pr.1 <a(n) has 2" odd divisors, contradicting minimality of a(n).

that pr.: 2" | a(n-1) and py..2*~* | a(n) and ey > f,.

fe ex-1 r e_ e-1_ —
If r <sthen pr.1 <pPs1 <Pra1’ S Prea’®  and ( M pi® 1) x P’ ' x ps, <a(n-1) and has 2™ odd
i=1, ik

divisors, contradicting minimality of a(n-1).

S S
If r=sthenthere are k, m <rwith e, >fiandf,>e,sincel+y ;=% f;.
=1 =l
2 o > 21 2fiy 2ty
Ifk<mtheney>f, 2f;>ensothat p,® xpma™ <land | 1T pia” | * Pk * P <
i=1, itk,m

a(n) has 2" odd divisors, contradicting minimality of a(n).

fi-1_

1 2fm*l1
* P+l <

fi-1 9 S fi_
Ifk>mthen f,,>e, 2e,>fsothat pp.1% x pu1> <1and ( T pii? 1) X Dms1’
i=1,ixm, k

a(n) has 2" odd divisors, contradicting minimality of a(n).
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t
(b) = (a): Assumethat a(n+1)=T] p,-+l2g"l satisfies properties (1) - (3), a(n) | a(n+1) and a(n) = ]'S[ p,—+l2f"1
i=1 i=1
is the least number with 2" odd divisors and thus satisfies (b) by induction. Let pmsz =min( p,-+12/" [1<i
<s)then
a(n) = ps, if Dss2 < Prs 2
a(n+l) = (1) *Pssa , Psi2 = Phn is the smallest number with 2™ odd divisors.
a(n)xpg.® otherwise

The efficiency of computing a(n) can be improved significantly by testing the values of the primaries of
a(n) only at those indices where a run of identical numbers in the partition of n starts. For example,
a(24) would require only 2 instead of 21 computations for determining the minimum of its primaries.



