Theorem. Let R be a ring with multiplicative identity e whose additive group is a free module over Z/nZ.

Then R has a Z/nZ—basis containing e.

Proof. Let {b;};cr be a basis of R, then every element in R can be uniquely written as = = Zmibii7 where
iel
0 < x; < n, all but finitely many x; are zero. In particular, write e = Zeibi.
Let n = p{*p5? - - pi* be the canonical factorization of n. We ﬁrslteéhow that for each 1 < j < k, there exists
i; € I such that p; does not divide e;;. Suppose otherwise that p; divides e; for all 7 € I, then there exists a € R
such that pja = e. For every € R, we have pﬁx =e- pﬁx = (p;a) - pﬁx = nazr = 0. In particular, fix 7qg € I, we
j j j

n
have —b;, = Og, then Og is not a unique linear combination of {b;};cr, a contradiction.
pj

For each 1 < j <k, pick ¢; € I such that p; does not divide ei;- Fix v € I. Now construct {¢i}ier as follows:
cy =e; fori € 1,i# 7, ¢; = s;b; + t;by, where 0 < s;,¢; < n satisfy the conditions
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We show that {c¢;}ics is a basis. First, for € R, write z = Zmibi. For each i € I, pick 0 < y; < n satisfying the
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condition
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Consider Zyici, which expands to
i€l

Z YiCi = Yy€ + Z Yi(sib; +t;by)

iel i€l iy

:ywzeibi-‘r Z Yi(sib; +tiby)

i€l i€l ity

=(yer+ D vitdby+ Y (yyei+ yisi)bi.

i€l ,iFy i€l iy
It is easy to show that for 1 < j <k, yye, + Z yiti = x(mod p;”) and y~e; +y;s; = x;(mod p?j),i cl,i#n~0
i€l,ity
Hence we have y e, + Z yit; = xy(mod n) and ye; + y;8; = x;(mod n),i € I,i # ~, and it follows that

i€l,ity
xr = Zy,-ci.
i€l
. a; a;j . .
Moreover, if Zzicz- = Or, then we have zye, + Z z;t; = 0(mod pjj), zye; + 28, = 0(mod pj’),z el,i+#n.
i€l i€l ity

It is not hard to see that these conditions imply that z; = 0(mod p;j) foralli € I,1 < j < k', soz = 0(mod n) for
all i € I, and {c¢; }ier are linearly independent. Then we reach the conclusion that {c;};¢s is a basis of R containing

e. ]

IThere is a unique way to define scalar multiplication of Z/nZ and R, namely for 0 < m < n, [m]z = ([1] +[1]+--- + [1])z =
N— ———

m times
Qe+ [1]z+ -+ [lJlzr =2+ 2z + -+ 2z = mz. We shall not distinguish accumulated sums and scalar multiplications in the proof.

» m times m times
"There are two cases: i; 7# v and i; = 7.



