
Theorem. Let R be a ring with multiplicative identity e whose additive group is a free module over Z/nZ.
Then R has a Z/nZ−basis containing e.

Proof. Let {bi}i∈I be a basis of R, then every element in R can be uniquely written as x =
∑
i∈I

xibi
i, where

0 ≤ xi < n, all but finitely many xi are zero. In particular, write e =
∑
i∈I

eibi.

Let n = pa1
1 pa2

2 · · · pak

k be the canonical factorization of n. We first show that for each 1 ≤ j ≤ k, there exists
ij ∈ I such that pj does not divide eij . Suppose otherwise that pj divides ei for all i ∈ I, then there exists a ∈ R

such that pja = e. For every x ∈ R, we have n

pj
x = e · n

pj
x = (pja) ·

n

pj
x = nax = 0. In particular, fix i0 ∈ I, we

have n

pj
bi0 = 0R, then 0R is not a unique linear combination of {bi}i∈I , a contradiction.

For each 1 ≤ j ≤ k, pick ij ∈ I such that pj does not divide eij . Fix γ ∈ I. Now construct {ci}i∈I as follows:
cγ = e; for i ∈ I, i ̸= γ, ci = sibi + tibγ , where 0 ≤ si, ti < n satisfy the conditions

si ≡

1, i ̸= ij

0, i = ij
(mod p

aj

j ), ti ≡

0, i ̸= ij

1, i = ij
(mod p

aj

j ).

We show that {ci}i∈I is a basis. First, for x ∈ R, write x =
∑
i∈I

xibi. For each i ∈ I, pick 0 ≤ yi < n satisfying the

condition

yi ≡


xi − ei

xij

eij
, i ̸= ij , γ

xij

eij
, i = γ

xγ − eγ
xij

eij
, i = ij ̸= γ

(mod p
aj

j ),

Consider
∑
i∈I

yici, which expands to

∑
i∈I

yici = yγe+
∑

i∈I,i ̸=γ

yi(sibi + tibγ)

= yγ
∑
i∈I

eibi +
∑

i∈I,i ̸=γ

yi(sibi + tibγ)

= (yγeγ +
∑

i∈I,i̸=γ

yiti)bγ +
∑

i∈I,i̸=γ

(yγei + yisi)bi.

It is easy to show that for 1 ≤ j ≤ k, yγeγ +
∑

i∈I,i̸=γ

yiti ≡ xγ(mod p
aj

j ) and yγei+ yisi ≡ xi(mod p
aj

j ), i ∈ I, i ̸= γ.ii

Hence we have yγeγ +
∑

i∈I,i ̸=γ

yiti ≡ xγ(mod n) and yγei + yisi ≡ xi(mod n), i ∈ I, i ̸= γ, and it follows that

x =
∑
i∈I

yici.

Moreover, if
∑
i∈I

zici = 0R, then we have zγeγ +
∑

i∈I,i̸=γ

ziti ≡ 0(mod p
aj

j ), zγei+ zisi ≡ 0(mod p
aj

j ), i ∈ I, i ̸= γ.

It is not hard to see that these conditions imply that zi ≡ 0(mod p
aj

j ) for all i ∈ I, 1 ≤ j ≤ kii, so zi ≡ 0(mod n) for
all i ∈ I, and {ci}i∈I are linearly independent. Then we reach the conclusion that {ci}i∈I is a basis of R containing
e.

iThere is a unique way to define scalar multiplication of Z/nZ and R, namely for 0 ≤ m < n, [m]x = ([1] + [1] + · · ·+ [1]︸ ︷︷ ︸
m times

)x =

[1]x+ [1]x+ · · ·+ [1]x︸ ︷︷ ︸
m times

= x+ x+ · · ·+ x︸ ︷︷ ︸
m times

= mx. We shall not distinguish accumulated sums and scalar multiplications in the proof.

iiThere are two cases: ij ̸= γ and ij = γ.


