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TABLES OF ARITHMETICAL FUNCTIONS RELATED

TO THE FIBONACCI NUMBERS

Beth H. Hannon
Willjam L. Morris

ABSTRACT

Tables of five arithmetical functions related to the
Fibonacci numbers are presented here. Function values are
given for all arguments up to and including 15,600. Since
two of these functions have only recently been discovered,
these tables are essentially new.

INTRODUCTION

A Fibonacci number is any term in the sequence 0, 1, 1, 2, 3, 5,
O A% Py e W, --ep Where w =uoootu, forn> 1. It was
known to Lagrange [ 2] that the sequence of Fibonacci numbers reduced
modulo m, where m > 1 is an integer, is periodic.

To be more precise, let M denote the set of integers greater than
1, and for m € M the least integer k such that P 0 (mod m) and
=1 (mod m) is denoted by m(m) and is called the (Pisano) period of
m. Thus m is an arithmetical function on M. Two related functions are

treated in the literature. For m e¢ M, the least integer n such that

Lo 0 (mod m) is known as the restricted period of m and is denoted by

a(m). Also, it is known that.for each m € M there exists an integral
valued function B(m) such that m(m) = B(m) a(m).

Robinson [ 3] has summarized the known results concerning these
three functions and Fulton and Morris [1] have established the existence

of two new (Fibonacci) functions by proving the following:



Fixed Point Theorem. mw(m) = m if and only if m = (24) 5K-l for

some A > 1.

Iteration Theorem. For m € M there exists a unique smallest

i ¥(m), where ng(m) = m{n(m)} and

integer w such that nw (m) =10

) = or ()} for n > 1.

™
Thus for each m € M there exists a unique w(m) and A (m) such that
m(m) = (o) 5x—1. These two functions on M are called, respectively,
the (Fibonacci) frequency of m and the (Leonardo) logarithm of m.
Although proofs of these theorems are complicated, the statement
of these results was a consequence of studying a small table éf m(m)
which was calculated on an ORNL computer. TIn the hope of finding more
such inspiration, a program for computing a more extensive table was

written by the first author and the results of the computation are

presented here.

ORGANTZATION OF THE COMPUTER PROGRAM

The linear recursion wo= {

wog ot un_2} (mod m) is calculated for

each m > 1 until the first k such that,uk = 0 and By g = 1. This
determines the period and in the process the restricted period and B are
found. This process is continued until an m of 21,000 is reached.

The next -step in the computation is to determine w and A from the
computed values of m. If in this Process a value of 17 is needed for
some m > 21,000 then m(m) is computed as before but is not retained.

In order to limit the computational time, the calculation was stopped

when )\ exceeded 6. This occurred at m = 15,625.



The machine used is an IBM 560/75 and all data processing was

done in core memory. The total computational time was one hour .

THE TABLES

The tables are arranged into groups of 300 function values per
page. Latin letters are used in the heading. The argument, i.e. m,
appears only on the left and goes from 1 to 50 on each page. A constant

to be added to m appears above each page. For convenience,

A1) = B(1) = a(l) = w(1l) = a{1) = 0.
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